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® Recent progress in the experimental manipulation of cold atoms

# to investigate the interplay between quantum and thermal
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Ultra-cold atoms in confining potentials

® Recent progress in the experimental manipulation of cold atoms

# to investigate the interplay between quantum and thermal
behaviors in many-body systems at low temperature

= A common feature of these experiments: presence of a confining
potential that traps the atoms within a limited spatial region

V(z)t




Quantum Fermi gas microscope

® Direct imaging of spatial fluctuations of the positions of fermions

n1.0

0.5

M. Greiner et al., PRL 2015



Tuning the interactions

sReaching the non-interacting limit to probe purely
quantum effects




Tuning the interactions

sReaching the non-interacting limit to probe purely
quantum effects

® Interesting quantum many-body effects even in the absence of
interactions

Bosons: Bose-Einstein condensation

Fermions: Pauli exclusion principle ==p rich quantum many-body
physics
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® bulk: traditional many-body physics (translationally invariant system)

«The uniform electron gas, the traditional starting point
for density-based many-body theories of inhomogeneous
systems, is inappropriate near electronic edges.»

W. Kohn, A. E. Mattsson, PRL 1998
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Ultra-cold atoms in confining potentials
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edge bulk edge

® bulk: traditional many-body physics (translationally invariant system)

= edge: new physics induced by confinement==p universal edge properties

@ talk: random matrix theory is the ideal tool to study
these edge properties




Spinless free fermions in a 1d harmonic potential
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Spinless free fermions in a 1d harmonic potential
V(z)4

_—""At zero temperature: connection between spinless free
~~fermions in a harmonic trap and Random Matrix Theory (GUE




Connection between free fermions at T=0 and RMT

= A single quantum particle in a harmonic potential
V(z)4 1




Connection between free fermions at T=0 and RMT

= A single quantum particle in a harmonic potential
V(z)4 1

= Single particle eigenfunctions

Hpp(z) = Epp(z) = {ﬁzkk!
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Connection between free fermions at T=0 and RMT

= A single quantum particle in a harmonic potential

Viz)4

A h? 02 1
H = - —mw?x?
2m 0x? = 2

Hermite polynomial

= Single particle eigenfunctions

Hpp(z) = Epp(z)

with op(z — +00) =0

>

5

X

1/2
} e~ 2 Hi(ax)

Pr(@) = {ﬁgkk!
er =hw(k+1/2) , a=+/mw/h
ke N




N spinless free fermions in a 1d harmonic trap at T=0
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N spinless free fermions in a 1d harmonic trap at T=0
V(z)4

€ = ﬁw(k+ 1/2)

® The NN-particle wave function is given by a N x N Slater determinant

1
\110(5131,372,"' ,:EN):—det[gﬁq;(in)] 0<7:<N -1
' S 1S
vIV: 1<j<N
ST V- R
9076(33) — {ﬁzkk|:| e 2 Hk(aaj)



Connection between free fermions at T=0 and RMT

® Ground-state wave function

|
Q.
D
ﬁ

1 _
[ — ; : 0<:<N-1
O($17$27 7$N) m _-910/2(37.7)] | S; N

e” 2 Hp(ax)
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Pr(x) = T2k k]



Connection between free fermions at T=0 and RMT

® Ground-state wave function

1 _
Wo(z1, 22, ,xN) = ——= det[p;(x;)] 0<2<N -1
fV; 11/2 . I<j<N
Spk(x) — ﬁQkk' e 2 Hk(ax)

= Uo(r1, 2, an) o e F TR det [H (az))

f

Hermite polynomial of
degree ;



Connection between free fermions at T=0 and RMT

® Ground-state wave function

1 _
Wo(z1, 22, ,xN) = ——= det[p;(x;)] 0<2<N -1
fVé{ 11/2 . I<j<N
gpk(ilj') — ﬁQkk' e 2 Hk(ax)

= Uo(r1, 2, an) o e F TR det [H (az))

f

Hermite polynomial of
degree ;

a2 /.2 2

1<j<k<N



Connection between free fermions at T=0 and RMT

® Ground-state wave function

1

Uo(x1, 22, -+ ,on) = —— det|p;(x;))] 0<i<N-—1
N(!X 11/2 L, 1< <N
Spk(x) — \/%qu e 2 Hk(ax)

# \IJO(xla L2y 7:[;]\7) X 6—%($%‘|‘"“|‘CE?\7) det [H@(&x])]

f

Hermite polynomial of
degree ;

# \IJO(:U17 Lo, - 7:EN) X 6_%2($%++x?\7) H (ajj _ ajk)
1<j<k<N
= Probability density function (PDF) of the positions ;s

1 —042 N 5132
Vol ) = o [l —ay)Pe =5
1<J



Connection between free fermions at T=0 and RMT

® Squared many-body wave function (T=0 quantum probability) for
fermions

1 —Oé2 N 332
|\IJO($17 S 7$N)‘2 — ZN(Oé) H(CE‘Z — ,CCj)Q@ 2 im1 X
1<J

where o = \/mw/h



Connection between free fermions at T=0 and RMT

® Squared many-body wave function (T=0 quantum probability) for
fermions

1 —042 N 332
|\IJO(ZE17 S 7:EN)‘2 — ZN(Oé) H(CEZ — :Ijj)Qe 2 im1 X
1<J

where o = \/mw/h

" let J bea N x N random Hermitian matrix with Gaussian
(complex) entries. The PDF of the (real) eigenvalues \s is given by

1 N2
Pjoint()\la S 7)\N) — E H()\z — )\j)2€_ 2 iz N
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Connection between free fermions at T=0 and RMT

® Squared many-body wave function (T=0 quantum probability) for
fermions

1 —042 N 332
|\IJO($17 S 7$N)‘2 — ZN((){) H(l‘z — Qj‘j)Qe 2 im1 T
1<

where o = \/mw/h

" let J bea N x N random Hermitian matrix with Gaussian
(complex) entries. The PDF of the (real) eigenvalues \s is given by

1 Ny
Pjoint()\l, "o 7)\N) — 5 H()\Z — )\j)Qe_ 2i=1 A

“The posmons of the free fermions behave statistically llke ’rhe
~ _eigenvalues of GUE random matrices

—¢




What about other (unitary) matrix models ?

® Laguerre Unitary Ensemble can be realized with a singular
potential

Vix) = - Bz?, x>0




What about other (unitary) matrix models ?

= Laguerre Unitary Ensemble can be realized with a singular
potential

Vix) = - Bz?, x>0

= Jacobi Unitary Ensemble can be realized with a box potential

V() 0, —1 < x<+1
€T ) —
+00 , | > 1



Properties of fermions in a 1d harmonic trap at T=0

s Probability density function (PDF) of the positions of the fermions ;s

1 —Oé2 N 332
Vol o) = o [l —ay)Pe =5
1<J

' The spatial properties of free fermions in a harmonic trap at
T=0 can directly be obtained from the known results in RMT



Properties of fermions in a 1d harmonic trap at T=0

s Probability density function (PDF) of the positions of the fermions ;s

1 —Oé2 N 332
Vol o) = o [l —ay)Pe =5
1<J

' The spatial properties of free fermions in a harmonic trap at
T=0 can directly be obtained from the known results in RMT

= Average density of free fermions:

o (. T = 0) = = 3" (6 — )

1=1

for N1 px(@T =0~ Sf (%) | ) = V2=




Properties of fermions in a 1d harmonic trap at T=0

= Average density of free fermions:
N

o (@, T =0) = = 36z — 7))

1=1

for N>1 pn(e,T=0)= %fw (j—%) L fw(z) = %m—zz

See also Local Density (or Thomas-Fermi) Approx. in the literature on fermions




Average density of fermions at T=0: two scales

N—1/6 pn(z, T =0) N~HE
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Average density of fermions at T=0: two scales

N—1/6 pN(fE,TZ 0) N—1/6

€-> A <->

. 2 2N [
& Average denSIfy: PN(-’B, T = 0) ~ e 5 x? y Tedge = 2N/Ot
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® bulk interparticle distance: f pn(z, T = 0)dz ~ 1/N = Ly ~
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Average density of fermions at T=0: two scales

N—1/6 ,ON(CU,TZ 0) N—1/6

<“-> A <->

. 2 [2N T
& Average denSIfy: PN (93; T = 0) ~ ;_N ? — x2 y Tedge = 2N/Ot
. . . Lhulk 1
® bulk interparticle distance: f pn(z, T =0)dz ~ 1/N = louic ~ EN_W
0

Tedge 1

B edge interparticle dis’rance:f pn(z, T =0)dz ~ 1/N = Legge ~ aN—l/6

Tedge —‘eedgc



Edge density for finite N at T=0

pN ()

What happens close to the
edge for finite N ?

| | " " " ‘ | I . 1 . | S
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Edge density for finite N at T=0

pN ()

What happens close to the
edge for finite NV ?

-
" .

| | " " " ‘ | I . 1 . | S
-10 -0.5 0.5 10  "t===T

«The uniform electron gas, the traditional starting point
for density-based many-body theories of inhomogeneous
systems, is inappropriate near electronic edges.»

W. Kohn, A. E. Mattsson, PRL 1998



Random matrix theory “comes to the rescue”

® Edge density of free fermions Bowick, Brézin ‘91/Forrester ‘93
1 r— V2N /«a
~ F
ION(CC) NwN ! ( WN )
N—1/6
with wy = and  Fi(2) = [Ai'(2)]? — 2] Ai(2)]?



Random matrix theory “comes to the rescue”

® Edge density of free fermions

1 F, (xJZTV/a)

WN

pn(T) ~

NwN




Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y,z) = > (6(y — z;)0(z — z;))
1]
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Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y,z) = > (6(y — z;)0(z — z;))
1]
n-point correlation function

00 00
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Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y,z) = > (6(y — z;)0(z — z;))
1]
n-point correlation function

©.@) @)
Ro(x1, - ,2pn) = : )'/ da;nﬂ--./ den|Wo(x1, ) Ty Tog1, - ,ZEN)\2
° — OO

— OO

Rn(ajl)”' 7$n) — 1<(3ejt<nKN($Z7$J)

Kn(z,y) = Z_ P (2)Pr(Y)



Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y,z) = > (6(y — z;)0(z — z;))
1]
n-point correlation function

©.@) @)
Ro(x1, - ,2pn) = : )'/ da;nﬂ--./ den|Wo(x1, ) Ty Tog1, - ,ZEN)\2
° — OO

— OO

Rn(ﬂi‘l,"' ,an) — det KN(J/‘/,;,$]')

N—1 N kernel
Ky(z,y) = Z ok () ek (y)
k=0



Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y,z) = > (6(y — z;)0(z — z;))
i7]
n-point correlation function

00 00
Rn(xla"' 73371) - | )'/ dfl?n_|_1 / de’\IJO(xla"' sy Ly Ln+1y " " 7:UN)‘2
+J—o0

— OO

Rn(ﬂi‘l,"' ,an) — det KN(a:?;,:Cj)

N—1 N kernel
Ky(z,y) = Z ok () ek (y)
k=0

in particular, the average density is given by py(x) = %KN(x,x)



Fermions in a 1d harmonic trap at T=0: kernel

= Higher order correlations

e.g., 2-point correlation function: Ry(y,z) = > (6(y — z;)0(z — z;))
1]
n-point correlation function

00 00
Rn(xla"' 73371) - | )'/ ClCIZn+1 / de’\IJO(xla"' sy Ly Ln+1y " " 7:UN)‘2
+J—o0

— OO

Rn(ﬂi‘l,"' ,an) — det KN(J/‘/,;,$]')

N—1 N kernel
Ky(z,y) = Z ok () ek (y)
k=0

in particular, the average density is given by py(x) = %KN(x,x)

® Analogue of Wick s theorem: Ky (z,y) = (| U (2)W(y)|Pye)



Limiting form of the kernel for trapped fermions at T=0

® Bulk limit: when z & y are far from the edge and

1 : : :
and |z — y| ~ = inter-particle distance

Npn(z)
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® Bulk limit: when z & y are far from the edge and

1
and |z —y| ~ = inter-particle distance
il Npn(z) P
_ 1 z —y 2
Kn(z,y) = Z/Cbulk ( 7 > U= N (2
{ (9 )
Khuk(z) = Smﬂ(zz) Sine-Kernel




Limiting form of the kernel for trapped fermions at T=0

® Bulk limit: when z & y are far from the edge and

and |z —y| ~ = inter-particle distance
il Npn(z) P
_ 1 z —y 2
Kn(z,y) = Z/Cbulk ( 7 > U= N (2
{ (9 )
Kpuik(2) = smﬂ(;) Sine-Kkernel
- y

= Edge scaling limit: for z & y close to the edge reqge = V2N /

1 L — Tedge Y — Tedge N_1/6
K ~ — Kedge £ = —
wiEy) wNIC e < wy  wN ) o V2
3 / / h
Ai(a)Ai (b) — A (a) At .
Koggol(a, b) = ALOA (bi - (@)Ai(b) | Ajry_kernel

L A




Position of the rightmost fermion at T=0

Viz)




Position of the rightmost fermion at T=0

Viz)

largest eigenvalue
of random matrices
in the GUE ensemble

VaN VaN
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Amax
from the connection with RMT: Tmax (1 = 0) a




Position of the rightmost fermion at T=0

Viz)

largest eigenvalue
of random matrices
in the GUE ensemble

— e >x
VaN VaN
o o v
Amax
from the connection with RMT: Tmax (1 = 0) a

—} fluctuations of z,,.x(1T" = 0) are governed by the Tracy-Widom
distribution for GUE



Position of the righmost fermion at T=0

Viz)

V2N

(87
# fluctuations of z.,.«x(7" = 0) are governed by the Tracy-Widom
distribution for GUE

M_ edge
Pr.(xmaX(T:O)<M)zf2( ng>

—~ W

Ai(a)Ai' (b) — Ai (a)Ai(b)

FQ(f) — det([ — PgKedgePS) 9 Kedge(a7 b) — a — b




Largest (top) eigenvalue of random matrices

® J;; : complex Hermitian N X N Gaussian random matrix

B Recent excitements in statistical physics and mathematics on

Amax = max \; : largest eigenvalue of .J
1<i<N

Typical fluctuations:

& Tracy-Widom distribution

o~ N7 & ubiquitous

Wigner
semi-circle




Largest (top) eigenvalue of random matrices

® J;; : complex Hermitian N X N Gaussian random matrix

B Recent excitements in statistical physics and mathematics on

Amax = max A; : largest eigenvalue of .J
1<i<N

Typical fluctuations:

pn (z)
Tracy-Widom
\ & Tracy-Widom distribution
Wigner A~ N7 ® ubiquitous
semi-circle
VIN AN v
o o

® Free fermions provide (one of) the simplest physical systems
where the Tracy-Widom distribution can be observed



What happens at finite temperature

T>07



Average density of free fermions at T > O

N

(2, T) = = D2 (6 — )

1=1



Average density of free fermions at T > O
1 N
pn(@,T) = + > {0z — )

1=1
® Two well understood limits

1T =0

A

Wigner semi-circle



Average density of free fermions at T > O
1 N
pn(@,T) = + > {0z — )

1=1
® Two well understood limits

T =0 1T — o0

A

Bm w?
27

pn (2, T — 00) ~ \/
B =1/T

exp —ﬁmw z?
2

Wigner semi-circle Boltzmann-Gibbs



Average density of free fermions at T > O

N
1
pn(@,T) = <= > (0(x = 2,)
1=1
® Two well understood limits

"h,

T — 0 | Interpolation T s o0
at finite T 2

~ A

Bmw?
27

) : pn (2, T — 00) ~

B=1/T

exp —émw z?
2

Wigner semi-circle Boltzmann-Gibbs



Relevant length scales at T > O

N—1/6 pn(z, T =0) N—1/6

<“-> A <->

At T=0:

1
bulk: Yhulk ~ EN_1/2

edge: fegge ~ éN‘l/“

- bulk a



Relevant length scales at T > O

N—1/6 pn(z, T = 0) N—1/6

<«-> A <«->

At T=0:

1
bulk: Yhulk ~ aN_l/Q

edge: ecdgo ~ éN—1/6
_3@@? ) bull ] Eﬁgi
a | ) h
® Thermal de Broglie wave length: Ay = V2rmkgT
TMKRB

controls the crossover from quantum to classical as T increases



Relevant length scales at T > O

N—1/6 pn(z, T = 0) N—1L/6
B = At T=0:
11/
bulk: gbulk ~ —N
Q
. 1 176
edge. ecdgo ~ aN
_Y2N ) bull " N
Q @ h
® Thermal de Broglie wave length: \r =
g g g \/QkaBT

controls the crossover from quantum to classical as T increases

® Bulk: quantum if Ar >y = kBT < hwN = Ef

classical if A < Pyuyik = kT > hwN = EF



Relevant length scales at T > O

N—1/6 pn(z, T = 0) N—1L/6
B = At T=0:
11/
bulk: gbulk ~ —N
Q
. 1 176
edge. ecdgo ~ aN
_Y2N ) bull " N
Q @ h
® Thermal de Broglie wave length: \r =
g g g \/QkaBT

controls the crossover from quantum to classical as T increases

® Bulk: quantum if Ar >y = kBT < hwN = Ef

classical if A < Pyuyik = kT > hwN = EF

B Edge: quantum if Ar > legge = kpT < hwN'/?

classical if Ay < legge => kT > hwN1/3



N free fermions in 1d-harmonic trap at T > O
V(z)4
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N free fermions in 1d-harmonic trap at T > O
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N free fermions in 1d-harmonic trap at T > O

€ = hw(k+ 1/2)

= Probability density function (PDF) of the positions x;s

1 ’ — € ceot-€
Pioing (21, TN) = N1Zn () Z L<?§t<]\/'(¢ki (ij)):| o Bleny e )
k1<"'<kN — —
o 1/2 -

ki1<ko<---<kpn



N free fermions in 1d-harmonic trap at T > O

€ = hw(k+ 1/2)

= Probability density function (PDF) of the positions x;s

1 ’ — € ceot-€
Pioing (21, TN) = N1Zn () Z L<?§t<]\/'(¢ki (ij)):| o Bleny e )
k1<"'<kN — —
o 1/2 -

ki1<ko<---<kpn



Time-periodic OU process

= Ornstein-Uhlenbeck (OU) process starting at X, = z

dX, = —pug X, dr + dB;
IP)(XT c d$‘X7-O = $O) = POU(CC,T‘ZEO,TO) dx

U(X) =

Ho

2

X2




Time-periodic OU process

= Ornstein-Uhlenbeck (OU) process starting at X, = z

dX, = —pug X, dr + dB;
IP)(XT c d$’X7-O = $O) = PQU(ZC,T’%‘(),TQ) dx

= Time-periodic OU on the time interval [0, 5

conditioned to be periodic, i.e., XO — Xﬁ

U(X) =

Ho
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X2




Time-periodic OU process

= Ornstein-Uhlenbeck (OU) process starting at X, = z

dX, = —pug X, dr + dB;
IP)(XT c d$‘X7-O = $O) = POU(CC,T‘ZEO,TO) dx

= Time-periodic OU on the time interval [0, 5

conditioned to be periodic, i.e., XO — Xﬁ

U(X) =

Ho

2

X2




Time-periodic OU process o

U(X) = 7)(2
= Ornstein-Uhlenbeck (OU) process starting at X, = z
dX, = —ug X dr + dB;
P(X, € dz|X,, = z0) = Poul(x,T|z0, 70) do
= Time-periodic OU on the time interval |0, 3] O
> X

conditioned to be periodic, i.e., XO — Xﬁ

%,
A - 1
Q ]P)(X’T - d.fl?) — PB(ZU)CZ-CIj 9 PB(CC) — Z_POU(xaﬁ‘a;aO)

Pa(z) = [ "2 tanh ( 21O ) ¢wotanh( %2 )e?
o 2

T

independently of 7




Single quantum particle at finite temperature

. . . . 1 0% 1
= A single particle in a harmonic potential H = R uo:vZ _ %

= PDF of the position of the particle at finite temperature 7T =1/8

B_Bek
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Single quantum particle at finite temperature

. . . . 1 0% 1
= A single particle in a harmonic potential H = R uo:vZ _ %

= PDF of the position of the particle at finite temperature 7T =1/8

. 6_/8€k [ad ) 2
Ps(x) = Z 7 ’90’?(33”2 = 'L;TO tan (%) g~ Ho tanh (52 )

k—o 1




Single quantum particle at finite temperature

- U : . - 104 1
® A single particle in a harmonic potential H = R §Mg$2 _ %

= PDF of the position of the particle at finite temperature 7T =1/8

@)

—Bek 2
PB(QJ) — Z €Z ’@k(x)|2 _ \/@ tanh (%) e—uotanh(ﬁ%)x

-
k—o 1

1

= ZPOU(SU,WE,O)



Single quantum particle at finite temperature

= A single particle in a harmonic potential H=—-— + ~pjz® — =

= PDF of the position of the particle at finite temperature 7T =1/8

@)

— ek
_ E € 2 20 B:LLO — 1o tanh(ﬁ#)x2
T 7 ’SOIC (Qj)l — \/7‘(‘ tanh <—2 ) e

~ 1
X, k=0 1
) — 7 POU(:Caﬁ‘xao)
1

—} time periodic OU process

B/2




N fermions at finite femperature

® PDF of the positions of the particle at finite temperature/3

’26_BE

1
Pﬁ(xla'” 7$N) — ZN(B) Z‘wE(xla 793]\7)
E

N\

sum*over the N-particle
eigenstates



N fermions at finite femperature

® PDF of the positions of the particle at finite temperature/3

’26_BE

1
Pﬁ(xla'” 7$N) — ZN(B) Z‘ZpE(xla 793]\7)
E

N\

sum*over the N-particle
eigenstates

B 1
- N!'Zy(B

)Pélt\rj)(ajla 737]\775’3717 7$N7O)



N fermions at finite temperature

® PDF of the positions of the particle at finite temperature/s3
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sum*over the N-particle
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2%

' non-intersecting time
periodic OU process
B/2

, \_, | Le Doussal, Majumdar, G. S., Ann. Phys. ‘17
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N
1
px (@, T) = = > (6(x — )
1=1
® Two natural dimensionless variables
Nhw mw?
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T T “= M o7
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= High temperature scaling limit: N — oo, T~ N, 2z ~ VT

Q N hw m w?
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Average density of free fermions at T > O

1
pn(@,T) = 1= > (3(x = 2,)
1=1
® Two natural dimensionless variables
_Er  Nhw and B muw?
T T Y

= High temperature scaling limit: N — oo, T~ N, 2z ~ VT

o N hw m w?
k

1 2 >
Vary e\ Tl e T

See also Local Density (or Thomas-Fermi) Approx. in the literature on fermions

S

R(ya Z) —



Average density of free fermions at T > O

® High temperature scaling limit: N—-oco, T~N,z~VT

T 27T

o) N hw m w?
PN(%T)N\/NR( =Y < Z),

Wigner
semi-
circle
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Average density of free fermions at T > O

= Low temperature scaling limit: N — 0o, T~ N3 < N
PN (1’, T)

T ~b INY3hw

What happens close to the
edge for finite vV
and finite 7' ~ N1/3 2




Edge kernel for N free fermions for T > O

— ¢k (@) pr ()
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k=0

= Low temperature scaling limit: N — oo, T ~b ' N3 <« N

when z & 2’ are close to the edge 7cdge = V2N /a
1 <$ — Tedge r’ — Tedge) - N_1/6

/ ~~
KM(CE,ZC) Y ]Cedge ’
WN WN WN



Edge kernel for N free fermions for T > O

— () pr ()
K'u(x’x/) - eBler—p)

k=0

® Low temperature scaling limit: N — oo, 1"~ b I N3 « N

when z & 2’ are close to the edge 7cdge = V2N /a

/ —1/6

/ 1 :,U — Tedge {I; _ Tedge N /
K,u(xax ) ~ Kedge ’ , WN =

WN WN WN \/§oz
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Edge kernel for N free fermions for T > O

— () pr ()
KM(,CI:‘,CIZ‘/) - eBler—p)

k=0

" Low temperature scaling limit: N — oo, T~ b ' N3 <« N

when z & 2’ are close to the edge 7cdge = V2N /a

1 T — Tedeo T — Teod N—1/6
K,u,(xj CU/) % ICedge ( © ge, c ge) ] wN p—
W N W N W N V20
7 o o ~
X Ai(zn +u)Ai(zo +u
Kedge(zlazQ) — / ( ! e—b?u, _|_(12 )du

L. v

Dean, Le Doussal, Majumdar, G. S. ‘15 generalization of the Airy-kernel
see also Johansson ‘07, Dong-Liechty ‘18
® Universal behavior, i.e., independent of the confining potential
V(x) ~ ||’ Dean, Le Doussal, Majumdar, G. S. ‘16
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Position of the rightmost fermion at finite but low T
V()

V2N

87
® Fluctuations of zax (1" > 0) Dean, Le Doussal, Majumdar, G. S. ‘15
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Position of the rightmost fermion at finite but low T
V()

V2N

87
® Fluctuations of zax (1" > 0)

M_ e e
Pr.(xmaX(T>O)§M)%.7:< Lode )
wN

* Ai(z +u)Ai(zo + u)

du
e—bu 41

F(§) = det(I — PeKeagePe) ; Keage(21,22) = /

— OO

—} finite T generalization of the Tracy-Widom distribution



Kardar-Parisi-Zhang (KPZ) equation at finite time

® KPZ equation in 1+1 dimensions in a curved geometry

(with dimensionless parameters) 9,h = 9°h + (0,h)? + n(x, )
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® KPZ equation in 1+1 dimensions in a curved geometry

(with dimensionless parameters) 9,h = 9°h + (0,h)? + n(x, )

a

1000- 08 (n(z, t)n(a’,t)) = é(z — ")t — t')
500 - o
E[]20s from K. Takeuchi et al., Sci. Rep. ‘11
0 3
§ (experiments on liquid crystal)
2500 5| |10
-1000 -
0s

-1000 0 1000 (um)

= Exact solution of the KPZ equation in 141 dim. in a curved geometry

Sasamoto, Spohn ‘10/Calabrese, Le Doussal, Rosso ‘10/Dotsenko 10/ Amir, Corwin,
Quastel ‘11 Imamura, Sasamoto, Spohn 13



Kardar-Parisi-Zhang (KPZ) equation at finite time

® KPZ equation in 141 dimensions and curved geometry

(with dimensionless parameters) 9,h = 9°h + (0,h)? + n(x, )

a

oo o ] l30S (n(z, t)n(z’,1')) = 6(x —2")o(t —t')
500 - -
.g 20s
0- 2
&
500 _% 110 s
-1000 - I
0s

-1000 0 1000 (um)

" Tlme dependen’r generahng Func’rlon oF fhe helgh’r ﬁeld
'i gt(S) (exp(—e™” t”_‘st”g» gt( ) det(I P.Kwpy P)
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Kxpz(21,22) Z/ | 16_“3/3 J(ri | 'l';_
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= Free fermions problem: fluctuations of uax(1'>0); b= N1/3hw/T

([ M= reqge\
1 Pr (a7 > 0) < M) F (o0 )
| -
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Connection between fermions at finite temperature and
KPZ at finite time

= Free fermions problem: fluctuations of 2w (T >0); b= N1/3hw/T

[ I re;;e> -

Pr.(max (T >0) < M) ~ F <M
|

[.F(f) — det([ — PfKedgepg) ; Kedge(zl,ZQ) - /

WN

> Ai(zy +u)Ai(zo + u)
e~bu 41

du '
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S it 9% e s SRR SRR S s 4

u KPZ equa’rlon generahng function of the helgh’r field

- i e
gi(s) = (exp(—e" OO+ == %)) |
. gi(s) = det(I — P,KyxpzPs) , Kxpz(21,22) = / Ai(z1 +u)Ai(ze + u)

e—u t1/3 _I_ 1 du



Connection between fermions at finite temperature and
KPZ at finite time

= Free fermions problem: fluctuations of 2w (T >0); b= N1/3hw/T

_ree rer OF Tmax(f > 71)i 0=1V

M — Tedeo :
) Pr.(xmaX(T>O)§M)z}"< ng) ‘!
a B

‘ * Ai(z1 + u)Ai(za +u)
;F(f) — det([ — PfKedgepg) : Kedge(zl,zz) _ / ( 1 6_()1 _I_(12 ) dul

B KPZ equa’rlon generahng function of the helgh’r field

to_s 1/3
h(O t)—l— 1 )>

)

| gt( ) <eXP( |
| * Ai(z +u)Ai(zg +u) | |
 91(s) = det(I — PsKkpzPs) , Kxpz(21,22) = / = —ut3/3 J(ri | du)

~ formal connection between the two problems
' with 1/T <> t1/3 Dean, Le Doussal, Majumdar, G. S. ‘15



Connection between fermions at finite temperature and
KPZ at finite time

Dean, Le Doussal, Majumdar, G. S., PRL ‘15

Fedge = V2N /a

T o hwNY/3
T (T > 0)
./ >
V2N
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Connection between fermions at finite temperature and
KPZ at finite time

Dean, Le Doussal, Majumdar, G. S., PRL ‘15

wN = Tedge:\/ZN/Oé a

V2« 1000-
V@t 1o hoN/3

500 -

0_

Y Tmax(T > 0) 2500 -

- ) / -1000-

¥ = ® > ' ' 00 (
JIN JaN -1000 0 1000 (um)
a ol
N —00 WN tl/g

1/T <=t/  Gumbel variable
independent of 1(0,1)



What happens in d > 17?



Free fermions in a d-dimensional harmonic trap (T=0)

= Single particle Hamiltonian

. h? [ 0? 0? 1
H—=—— L 2 2
2m (((M% 6$3> T (w)

7”‘2
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Free fermions in a d-dimensional harmonic trap (T=0)

® Edge density of free fermions

1 1 T — Tedoe
pedge(X)% N Fd( g>

1

with —by N5 and Fy(z) = id
N = b %) O(d +1)2%

g/ du u%Ai(u—kZQ/Bz)
T2 Jo

F,(z)

recall that F)(z) = [4i'(2)]? — 2[4i(2)]?
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Free fermions in a d-dimensional harmonic trap (T=0):
limiting correlation kernels

En(x,y) = ) 0(Er — )i (x)¢i(y)

® In the bulk
Kn(x,y) =~ ilcbulk (’X - y‘) with (= [Npy(x)ya]

ga ¢
o S
B Jd/2(237)
Kb () (ra)d/2
. R .

= At the edge

1 X — Ted Y —Tg
KN(X7Y) ~ —Kedge - ge’ e
wy

f’ o =l E AT S aE - E e = E

| A a1 (o2
with , Kedge(a,b) :/(27T()1de iq-( b)Azl (23q2 |

k“"* it 9 = i it = it 9 SRR e e o = - S

00
ap = a- I'edge/rredge and bn =Db- I'edge/r'aedge Azl (Z) — / AZ(U)CZ’M
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Free fermions in a 2-dimensional rotating harmonic trap
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Free fermions in a 2-dimensional rotating harmonic trap

Vi(z,y)
N ~ 9 I
H(f)a f) — p2 | r2 QLz >
f)z = i(y0y — x0,)

2
] — — () <1
for N< <

® Joint PDF of the positions Zz; of N non-interacting fermions
at T=0

1 _ N >
Pioint (21, ,2N) = EH‘%—ZHQG k=1 7]
1<J

—} complex Ginibre matrices



What about the interactions ?
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® Infteracting fermions in d=1
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® For generic interaction potential V(x): very little is known

B/2(6/2 — 1)

® One special case: V(z; —x;) = ( )2
ZE@ T ZEJ




Calogero-Sutherland-Moser model and random matrices

® Infteracting fermions in d=1

Norp2
=) |5ty | TV —)

1 = - 1<)

® For generic interaction potential V(x): very little is known

2 2 —1
" One special case: V(z; —x;) = B/2(5/2 —1)
(x; — x;)?
Ground-state wave function:
1 _é N 5132
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Calogero-Sutherland-Moser model and random matrices

® Infteracting fermions in d=1

Norp2
=) |5ty | TV —)

1 = - 1<)

® For generic interaction potential V(x): very little is known

2 2—1
= One special case: V(x; —x,) = B/2(8/ S )
(zi — )
Ground-state wave function:
1 B N 2
ol saw)[? = S E E e ] oy — )
7 () [Liai=,

—} Gaussian (-ensemble of random matrices
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Conclusion

= Very rich and universal edge physics for trapped free fermions
unveiled by RMT methods

= Non-interacting fermions in 1d harmonic potential:

P

P

® Trapped fermions in higher dimensions d>1 (determinantal processes)

P

® Linear statistics (Grela, Majumdar, G. S., PRL 17 & Grabsch, Majumdar, G. S.,
Texier 2017)

® Can one observe these properties in cold atoms experiments ?
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Some open questions

®m Effects of interactions ?

= Effects of disorder/impurities ?

= Dynamics of non-interacting fermions (« quantum quench »)



